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Esfuerzos Combinados
Variación del esfuerzo con la orientación

Consideremos un sólido sometido a diferentes fuerzas en equilibrio (a). Es
fácil comprobar que los esfuerzos (σ, τ) calculados en el punto O para un
plano de exploración a− a (b), serán distintos que los esfuerzos (σ′, τ ′)
calculados en el mismo punto O para un plano diferente de exploración
b − b (c).

8.4 State of Stress at a Point
(Plane Stress)

In this section, we formalize the concept of stress at a point, which requires
the introduction of a sign convention and a subscript notation for stress
components.

a. Reference planes

In Sec. 1.3, we saw that the stresses acting at a point in a body depend on the
orientation of the reference plane. As a review of that discussion, consider the
body in Fig. 8.6(a) that is acted upon by a system of coplanar forces in equili-
brium. Assume that we first introduce the reference plane a-a and compute the
stresses s and t acting on that plane at point O, as illustrated in Fig. 8.6(b).
We then pass the reference plane b-b through O and repeat the computations,
obtaining the stresses s 0 and t 0 shown in Fig. 8.6(c). In general, the two sets of
stresses would not be equal, although they are computed at the same point,
because the resultant forces acting on the two planes are not equal.

It is usually not practical to directly compute stresses acting on arbitrarily
chosen planes because the available formulas give stresses on certain reference
planes only. For example, the flexure formula s ¼ "My=I is restricted to the
normal stress on the cross-sectional plane of the beam. Similarly, the shear
stress formulas, t ¼ VQ=ðIbÞ for beams and t ¼ Tr=J for shafts, apply to only
cross-sectional and longitudinal (complementary) planes. Therefore, if a bar is
subjected to simultaneous bending and twisting, as in Fig. 8.7, we can readily

FIG. 8.6 (a) Body in coplanar equilibrium; (b) stresses acting on plane a-a at
point O; (c) stresses acting on plane b-b at point O.

FIG. 8.7 Stresses acting in a bar caused by bending and twisting. The reference
planes (faces of the element) are the cross-sectional and longitudinal planes.
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Esfuerzos Combinados
Ejemplo

Dos piezas de madera de 50 × 100 mm de sección serán unidas a lo largo
de la junta AB, como muestra la figura. Calcule los esfuerzos en el plano
de unión entre ambas piezas considerando P = 100 kN.
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Esfuerzos Combinados
Esfuerzo en un punto: cálculo anaĺıtico

Para un determinado punto, donde se tiene un estado plano de esfuerzos
dado por (σx , σy , τxy ), los esfuerzos normal y tangencial en un plano
orientado según θ están dados por

σ(θ) =
σx + σy

2
+
σx − σy

2
cos 2θ − τxy sin 2θ

τ(θ) =
σx − σy

2
sin 2θ + τxy cos 2θ
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Esfuerzos Combinados
Esfuerzo en un punto: cálculo gráfico

Las expresiones anaĺıticas pueden ser interpretadas a través del Ćırculo de
Mohr, mediante el cual se pueden graficar todos los esfuerzos (σθ, τθ)
posibles en un punto en función de θ.

Escribiendo las expresiones anaĺıticas de la siguiente forma:

σθ −
σx + σy

2
=
σx − σy

2
cos 2θ − τxy sin 2θ

τθ =
σx − σy

2
sin 2θ + τxy cos 2θ

Elevando al cuadrado ambas expresiones, sumando y simplificando se
obtiene (

σθ −
σx + σy

2

)2

+ τ2θ =

(
σx − σy

2

)2

+ τ2xy

donde (σθ, τθ) son los esfuerzos para un determinado plano orientado
según θ con respecto al estado de esfuerzos dado por (σx , σy , τxy ).
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Esfuerzos Combinados
Esfuerzo en un punto: cálculo gráfico

Reemplazando los términos constantes por R y C se llega a

(σθ − C )2 + τ2θ = R2

Circulo de Mohr
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donde C =
σx + σy

2
es el centro y R =

√(
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2

)2

+ τ2xy el radio.
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Esfuerzos Combinados
Ejemplo

En un cierto punto de un sólido se obtiene el siguiente estado plano de
tensiones dado en la figura.Sample Problem 8.4

The state of plane stress at a point with respect to the xy-axes is shown in Fig. (a).
Determine the equivalent state of stress with respect to the x0y0-axes. Show the results
on a sketch of an element aligned with the x0- and y0-axes.

Solution
According to our sign convention (positive stresses act in the positive coordinate
directions on positive faces of the element), all the stress components in Fig. (a) are
positive: sx ¼ 30 MPa, sy ¼ 60 MPa, and txy ¼ 40 MPa. To transform these stresses
to the x 0y0-coordinate system, we use Eqs. (8.5). The angle 2y used in transformation
equations is twice the angle measured counterclockwise from the x-axis to the x0-axis.
Substituting 2y ¼ 2ð30#Þ ¼ 60# into Eqs. (8.5), we obtain

sx 0 ¼
sx þ sy

2
þ

sx & sy

2
cos 2yþ txy sin 2y

¼ 30þ 60

2
þ 30& 60

2
cos 60# þ 40 sin 60#

¼ 72:1 MPa Answer

sy 0 ¼
sx þ sy

2
& sx & sy

2
cos 2y& txy sin 2y

¼ 30þ 60

2
& 30& 60

2
cos 60# & 40 sin 60#

¼ 17:9 MPa Answer

tx 0y 0 ¼ &
sx & sy

2
sin 2yþ txy cos 2y

¼ & 30& 60

2
sin 60# þ 40 cos 60#

¼ 33:0 MPa Answer

The results are shown in Fig. (b). Because all the calculated stress components
are positive, they act in the positive coordinate directions on the positive x 0- and y0-
faces.

1
Sample Problem 8.5

Determine the principal stresses and the principal directions for the state of plane
stress given in Fig. (a). Show the results on a sketch of an element aligned with the
principal directions.

Solution
If we use the established sign convention (positive stresses act in the positive coor-
dinate directions on positive faces of the element), the stress components shown in
Fig. (a) are sx ¼ 8000 psi, sy ¼ 4000 psi, and txy ¼ 3000 psi. Substituting these val-
ues into Eq. (8.9), we get

R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
sx & sy

2

#2

þ t2
xy

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8000& 4000

2

" #2

þ ð3000Þ2
s

¼ 3606 psi

301
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Esfuerzos Combinados
Aplicación Ćırculo de Mohr: Cargas combinadas

El Ćırculo de Mohr se usa principalmente para el diseño de piezas
sometidas a cargas combinadas. El procedimiento general para el análisis
es como sigue:

Calcular el estado de tensiones en un punto cŕıtico (de mayor
esfuerzo).

Dibujar el Ćırculo de Mohr para el estado de tensiones del punto
cŕıtico.

Usar el ćırculo de Mohr para calcular los esfuerzos relevante en el
punto cŕıtico, como los esfuerzos normales principales y el máximo
esfuerzo de cortante.
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Esfuerzos Combinados
Aplicación Ćırculo de Mohr: Ejes

Sample Problem 8.9

The radius of the 15-in.-long bar in Fig. (a) is 3/8 in. Determine the maximum nor-
mal stress in the bar at (1) point A; and (2) point B.

Solution

Preliminary Calculations

The internal force system acting on the cross section at the base of the rod is shown
in Fig. (b). It consists of the torque T ¼ 540 lb " in., the bending moment M ¼ 15P ¼
15ð30Þ ¼ 450 lb " in. (acting about the x-axis), and the transverse shear force
V ¼ P ¼ 30 lb.

The cross-sectional properties of the bar are

I ¼ pr4

4
¼ pð3=8Þ4

4
¼ 15:532% 10&3 in:4

J ¼ 2I ¼ 2ð15:532% 10&3Þ ¼ 31:06% 10&3 in:4

Part 1

Figure (c) shows the state of stress at point A together with the corresponding Mohr’s
circle. The bending stress is

s ¼Mr

I
¼ ð450Þð3=8Þ

15:532% 10&3
¼ 10 865 psi ¼ 10:865 ksi

and the torque causes the shear stress

tT ¼
Tr

J
¼ 540ð3=8Þ

31:06% 10&3
¼ 6520 psi ¼ 6:520 ksi

The shear stress due to transverse shear force V is zero at A.
From the Mohr’s circle for the state of stress at point A in Fig. (c), we see that

the maximum normal stress at point A is

smax ¼ 5:433þ 8:487 ¼ 13:92 ksi Answer

320
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Calcular el máximo esfuerzo normal en el
punto A y B de la figura. La longitud de la
barra es de 15 in y su radio de 3/8 in.
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